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COUPLED PAINLEVE´ VI SYSTEMS IN DIMENSION FOUR
WITH AFFINE WEYL GROUP SYMMETRY
OF TYPE D
(1)
6 , II
YUSUKE SASANO
Abstract. We give a reformulation of a six-parameter family of coupled Painleve´
VI systems with affine Weyl group symmetry of type D
(1)
6 from the viewpoint of
its symmetry and holomorphy properties.
0. Introduction
In [9, 10], we proposed a 6-parameter family of four-dimensional coupled Painleve´
VI systems with affine Weyl group symmetry of type D
(1)
6 . This system can be
considered as a genelarization of the Painleve´ VI system. In this paper, from the
viewpoint of its symmetry and holomorphy properties we give a reformulation of
this system (cf. [11]) explicitly given by
dq1
dt
=
∂H
∂p1
,
dp1
dt
= −
∂H
∂q1
,
dq2
dt
=
∂H
∂p2
,
dp2
dt
= −
∂H
∂q2
,
H =HV I(q1, p1, η, t;α0, α1, α2, α3 + 2α4 + α5, α3 + α6)
+HV I(q2, p2, η, t;α0 + 2α2 + α3, α1 + α3, α4, α5, α6)
+
2(q1 − η)q2{(q1 − t)p1 + α2}{(q2 − 1)p2 + α4}
t(t− 1)(t− η)
(η ∈ C− {0, 1}).
(1)
Here q1, p1, q2, p2 denote unknown complex variables, and α0, α1, . . . , α6 are complex
parameters satisfying the relation α0 + α1 + 2(α2 + α3 + α4) + α5 + α6 = 1, where
the symbol HV I(q, p, η, t; β0, β1, β2, β3, β4) is given in Section 2.
If we take the limit η → ∞, we obtain the Hamiltonian system with well-known
Hamiltonian H˜ (see [9])
dq1
dt
=
∂H˜
∂p1
,
dp1
dt
= −
∂H˜
∂q1
,
dq2
dt
=
∂H˜
∂p2
,
dp2
dt
= −
∂H˜
∂q2
,
H˜ = H˜V I(q1, p1, t;α0, α1, α2, α3 + 2α4 + α5, α3 + α6)
+ H˜V I(q2, p2, t;α0 + α3, α1 + 2α2 + α3, α4, α5, α6) +
2(q1 − t)p1q2{(q2 − 1)p2 + α4}
t(t− 1)
,
(2)
where the symbol H˜V I is also given in Section 2.
Here we review the holomophy conditions of the system (2) (see [9]). Let us
consider a polynomial Hamiltonian system with Hamiltonian H ∈ C(t)[q1, p1, q2, p2].
We assume that
(A1) deg(H) = 5 with respect to q1, p1, q2, p2.
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(A2) This system becomes again a polynomial Hamiltonian system in each coor-
dinate system (xi, yi, zi, wi) (i = 0, 2, 3, 4, 5, 6):
r′0 : x0 = −((q1 − t)p1 − α0)p1, y0 = 1/p1, z0 = q2, w0 = p2,
r′2 : x2 = 1/q1, y2 = −q1(q1p1 + α2), z2 = q2, w2 = p2,
r′3 : x3 = −((q1 − q2)p1 − α3)p1, y3 = 1/p1, z3 = q2, w3 = p2 + p1,
r′4 : x4 = q1, y4 = p1, z4 = 1/q2, w4 = −q2(q2p2 + α4),
r′5 : x5 = q1, y5 = p1, z5 = −((q2 − 1)p2 − α5)p2, w5 = 1/p2,
r′6 : x6 = q2, y6 = p1, z6 = −p2(q2p2 − α6), w6 = 1/p2.
(3)
(A3) In addition to the assumption (A2), the Hamiltonian system in the coordi-
nate r2 becomes again a polynomial Hamiltonian system in the coordinate system
(x1, y1, z1, w1):
r′1 : x1 = −(x2y2 − α1)y2, y1 = 1/y2, z1 = z2, w1 = w2.(4)
Then such a system coincides with the system (2).
In this paper, we make a reformulation to obtain a clear description of invariant
divisors, birational symmetries and holomorphy conditions for the system (2). Our
way is stated as follows:
(1) We symmetrize the holomorphy conditions r′i of the system (2).
(2) By using these conditions and polynomiality of the Hamiltonian, we easily
obtain the polynomial Hamiltonian of the system (1).
This paper is organized as follows. In Section 2, we give a reformulation of Hamil-
tonian of PV I and its symmetry and holomorphy. In Section 3, we state our main
results for the system of type D
(1)
6 . After we review the notion of accessible singu-
larity in Section 4, we will state the relation between some accessible singularities
of the system (1) and the holomorphy conditions ri given in Section 3.
1. Reformulation of PV I-case
The sixth Painleve´ system can be written as the Hamiltonian system (cf. [2, 5])
dq
dt
=
∂HV I
∂p
,
dp
dt
= −
∂HV I
∂q
,
t(t− 1)(t− η)HV I(q, p, η, t;α0, α1, α2, α3, α4)
= q(q − 1)(q − η)(q − t)p2 + {α1(t− η)q(q − 1) + 2α2q(q − 1)(q − η)
+ α3(t− 1)q(q − η) + α4t(q − 1)(q − η)}p+ α2{(α1 + α2)(t− η) + α2(q − 1)
+ α3(t− 1) + tα4}q (α0 + α1 + 2α2 + α3 + α4 = 1, η ∈ C− {0, 1}).
(5)
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The equation for q is given by
d2q
dt2
=
1
2
(
1
q
+
1
q − 1
+
1
q − t
+
1
q − η
)(
dq
dt
)2
−
(
1
t
+
1
t− 1
+
1
q − t
+
1
t− η
)
dq
dt
+
q(q − 1)(q − t)(q − η)
t2(t− 1)2(t− η)2
{
α21
2
η(η − 1)(t− η)
(q − η)2
+
α24
2
ηt
q2
+
α23
2
(η − 1)(1− t)
(q − 1)2
+
(1− α20)
2
t(t− 1)(t− η)
(q − t)2
}.
(6)
If we take the limit η →∞, we obtain the sixth Painleve´ system PV I with well-known
Hamiltonian:
dq
dt
=
∂H˜V I
∂p
,
dp
dt
= −
∂H˜V I
∂q
,
H˜V I(q, p, t; δ0, δ1, δ2, δ3, δ4)
=
1
t(t− 1)
[p2(q − t)(q − 1)q − {(δ0 − 1)(q − 1)q + δ3(q − t)q
+ δ4(q − t)(q − 1)}p+ δ2(δ1 + δ2)q] (δ0 + δ1 + 2δ2 + δ3 + δ4 = 1),
(7)
whose equation for q is given by
d2q
dt2
=
1
2
(
1
q
+
1
q − 1
+
1
q − t
)(
dq
dt
)2
−
(
1
t
+
1
t− 1
+
1
q − t
)
dq
dt
+
q(q − 1)(q − t)
t2(t− 1)2
{
α21
2
−
α24
2
t
q2
−
α23
2
(1− t)
(q − 1)2
+
(1− α20)
2
t(t− 1)
(q − t)2
}.
(8)
The system (5) has extended affine Weyl group symmetry of type D
(1)
4 , whose
generators si, pij are given by
s0(q, p, t;α0, α1, . . . , α4)→(q, p−
α0
q − t
, p, t;−α0, α1, α2 + α0, α3, α4),
s1(q, p, t;α0, α1, . . . , α4)→(q, p−
α1
q − η
, t;α0,−α1, α2 + α1, α3, α4),
s2(q, p, t;α0, α1, . . . , α4)→(q +
α2
p
, p, t;α0 + α2, α1 + α2,−α2, α3 + α2, α4 + α2),
s3(q, p, t;α0, α1, . . . , α4)→(q, p−
α3
q − 1
, t;α0, α1, α2 + α3,−α3, α4),
s4(q, p, t;α0, α1, . . . , α4)→(q, p−
α4
q
, t;α0, α1, α2 + α4, α3,−α4),
pi1(q, p, t;α0, α1, . . . , α4)→(1− q,−p, 1− η, 1− t;α0, α1, α2, α4, α3),
pi2(q, p, t;α0, α1, . . . , α4)→(
η − q
η − 1
, (1− η)p,
η
η − 1
,
η − t
η − 1
;α0, α4, α2, α3, α1),
(9)
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pi3(q, p, t;α0, α1, . . . , α4)→(
(η − 1)2(q − t)
{η(t− 2) + 1}q + (η − η2 − 1)t + η2
,
(1− t)p+
(q − 1){(q − 1)p+ α2}{η(t− 2) + 1}
(η − 1)2(t− 1)
+
(q − t){(q − t)p+ α2}{η(t− 2) + 1}
η(t− 1)(t− η)
,
1− η,
(η − 1)2t
t− ηt+ η2(t− 1)
;α4, α1, α2, α3, α0).
Let us consider a polynomial Hamiltonian system with HamiltonianH ∈ C(t)[q, p].
We assume that
(A1) deg(H) = 6 with respect to q, p.
(A2) This system becomes again a polynomial Hamiltonian system in each coor-
dinate ri (j = 0, 1, . . . , 4):
r0 : x0 = −((q − t)p− α0)p, y0 =
1
p
,
r1 : x1 = −((q − η)p− α1)p, y1 =
1
p
,
r2 : x2 =
1
q
, y2 = −(qp+ α2)q,
r3 : x3 = −((q − 1)p− α3)p, y3 =
1
p
,
r4 : x4 = −(qp− α4)p, y4 =
1
p
.
(10)
Then such a system coincides with the system (5).
The phase space of the system (5) (resp. (7)) can be characterized by the rational
surface of type D
(1)
4 (see [6, 7, 8]). The below figure denotes the accessible singular
points and the resolution process for each system.
We remark that the system (5) has the following invariant divisors:
parameter’s relation invariant divisors
α0 = 0 f0 := q − t
α1 = 0 f1 := q − η
α2 = 0 f2 := p
α3 = 0 f3 := q − 1
α4 = 0 f4 := q
2. The case of type D
(1)
6
Theorem 2.1. The system (1) admits extended affine Weyl group symmetry of
type D
(1)
6 as the group of its Ba¨cklund transformations, whose generators si, pij are
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q
p
for the system (7)
01t∞ ηη →∞
for the system (5)
q
p
01t
q
p
D
(1)
4 -lattice
r2
r4r3r0r1
Figure 1. Each figure denotes the Hirzebruch surface. Each bullet
denotes the accessible singular point of each system. It is well-known
that each point can be resolved by blowing-up at two times (see [6, 7,
8]). By these transformations, we obtain the rational surface of type
D
(1)
4 for each system.
explicitly given as follows: with the notation (∗) := (q1, p1, q2, p2, η, t;α0, α1, . . . , α6),
s0 :(∗)→ (q1, p1 −
α0
q1 − t
, q2, p2, η, t;−α0, α1, α2 + α0, α3, α4, α5, α6),
s1 :(∗)→ (q1, p1 −
α1
q1 − η
, q2, p2, η, t;α0,−α1, α2 + α1, α3, α4, α5, α6),
s2 :(∗)→ (q1 +
α2
p1
, p1, q2, p2, η, t;α0 + α2, α1 + α2,−α2, α3 + α2, α4, α5, α6),
s3 :(∗)→ (q1, p1 −
α3
q1 − q2
, q2, p2 +
α3
q1 − q2
, η, t;α0, α1, α2 + α3,−α3, α4 + α3, α5, α6),
s4 :(∗)→ (q1, p1, q2 +
α4
p2
, p2, η, t;α0, α1, α2, α3 + α4,−α4, α5 + α4, α6 + α4),
s5 :(∗)→ (q1, p1, q2, p2 −
α5
q2 − 1
, η, t;α0, α1, α2, α3, α4 + α5,−α5, α6),
s6 :(∗)→ (q1, p1, q2, p2 −
α6
q2
, η, t;α0, α1, α2, α3, α4 + α6, α5,−α6),
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q1 − t
p1 q1 − q2 p2
q2 − 1
q2q1 − η
α0
α1
α2 α4
α5
α6
α3
Figure 2. This figure denotes Dynkin diagram of type D
(1)
6 .
pi1 :(∗)→
(
(t− 1)q1
t− q1 − ηt+ ηtq1
,
(−t + q1 + ηt− ηtq1)(tp1 − q1p1 − α2 − ηtp1 + ηtq1p1 + α2ηt)
t(t− 1)(η − 1)
,
(t− 1)q2
t− q2 − ηt+ ηtq2
,
(−t + q2 + ηt− ηtq2)(tp2 − q2p2 − α4 − ηtp2 + ηtq2p2 + α4ηt)
t(t− 1)(η − 1)
,
1
η
,
η(t− 1)
t− η − ηt+ η2t
;α1, α0, α2, α3, α4, α5, α6),
pi2 :(∗)→ (1− q1,−p1, 1− q2,−p2, 1− η, 1− t;α0, α1, α2, α3, α4, α6, α5),
pi3 :(∗)→
(
t(q2 − η)
t(q2 − η) + η2(t− q2)
,
(t(q2 − η) + η
2(t− q2))(t(q2 − η)p2 + α4(t− η
2) + η2(t− q2)p2)
tη2(t− η)
,
t(q1 − η)
t(q1 − η) + η2(t− q1)
,
(t(q1 − η) + η
2(t− q1))(t(q1 − η)p1 + α2(t− η
2) + η2(t− q1)p1)
tη2(t− η)
,
−
1
η − 1
,−
(η − 1)t
t− ηt+ η2(t− 1)
;α5, α6, α4, α3, α2, α0, α1).
We note that these transformations si, pij are birational and symplectic.
Theorem 2.2. Let us consider a polynomial Hamiltonian system with Hamiltonian
H ∈ C(t)[q1, p1, q2, p2]. We assume that
(A1) deg(H) = 6 with respect to q1, p1, q2, p2.
(A2) This system becomes again a polynomial Hamiltonian system in each coor-
dinate system (xi, yi, zi, wi) (i = 0, 1, . . . , 6):
r0 : x0 = −((q1 − t)p1 − α0)p1, y0 = 1/p1, z0 = q2, w0 = p2,
r1 : x1 = −((q1 − η)p1 − α1)p1, y1 = 1/p1, z1 = q2, w1 = p2 (η ∈ C− {0, 1}),
r2 : x2 = 1/q1, y2 = −q1(q1p1 + α2), z2 = q2, w2 = p2,
r3 : x3 = −((q1 − q2)p1 − α3)p1, y3 = 1/p1, z3 = q2, w3 = p2 + p1,
r4 : x4 = q1, y4 = p1, z4 = 1/q2, w4 = −q2(q2p2 + α4),
r5 : x5 = q1, y5 = p1, z5 = −((q2 − 1)p2 − α5)p2, w5 = 1/p2,
r6 : x6 = q1, y6 = p1, z6 = −p2(q2p2 − α6), w6 = 1/p2.
(11)
Then such a system coincides with the system (1).
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Proposition 2.1. The system (1) has the following invariant divisors:
parameter’s relation invariant divisors
α0 = 0 f0 := q1 − t
α1 = 0 f1 := q1 − η
α2 = 0 f2 := p1
α3 = 0 f3 := q1 − q2
α4 = 0 f4 := p2
α5 = 0 f5 := q2 − 1
α6 = 0 f6 := q2
3. Accessible singularities
Let us review the notion of accessible singularity. Let B be a connected open
domain in C and pi :W −→ B a smooth proper holomorphic map. We assume that
H ⊂ W is a normal crossing divisor which is flat over B. Let us consider a rational
vector field v˜ on W satisfying the condition
v˜ ∈ H0(W,ΘW(− logH)(H)).
Fixing t0 ∈ B and P ∈ Wt0 , we can take a local coordinate system (x1, x2, . . . , xn)
of Wt0 centered at P such that Hsmooth can be defined by the local equation x1 = 0.
Since v˜ ∈ H0(W,ΘW(− logH)(H)), we can write down the vector field v˜ near
P = (0, 0, . . . , 0, t0) as follows:
v˜ =
∂
∂t
+ a1
∂
∂x1
+
a2
x1
∂
∂x2
+ ..... +
an
x1
∂
∂xn
.(12)
This vector field defines the following system of differential equations

dx1
dt
= a1(x1, x2, ...., xn, t),
dx2
dt
=
a2(x1, x2, ...., xn, t)
x1
,
.
.
.
dxn
dt
=
an(x1, x2, ...., xn, t)
x1
.
(13)
Here ai(x1, x2, ...., xn, t), i = 1, 2, . . . , n, are holomorphic functions defined near
P = (0, . . . , 0, t0).
Definition 3.1. With the above notation, assume that the rational vector field v˜ on
W satisfies the condition
(A) v˜ ∈ H0(W,ΘW(− logH)(H)).
We say that v˜ has an accessible singularity at P = (0, 0, . . . , 0, t0) if
x1 = 0 and ai(0, 0, ...., 0, t0) = 0 for every i, 2 ≤ i ≤ n.
If P ∈ Hsmooth is not an accessible singularity, all solutions of the ordinary differ-
ential equation passing through P are vertical solutions, that is, the solutions are
contained in the fiber Wt0 over t = t0. If P ∈ Hsmooth is an accessible singularity,
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there may be a solution of (13) which passes through P and goes into the interior
W −H of W.
Here we review the notion of local index. Let v be an algebraic vector field with
an accessible singular point −→p = (0, 0, . . . , 0) and (x1, x2, . . . , xn) be a coordinate
system in a neighborhood centered at −→p . Assume that the system associated with
v near −→p can be written as
d
dt
Q


x1
x2
...
xn

 =
1
x1
{Q


a1
a2
. . .
an

Q−1·Q


x1
x2
...
xn

+


x1f1(x1, x2, . . . , xn, t)
f2(x1, x2, . . . , xn, t)
...
fn(x1, x2, . . . , xn, t)

},
(fi ∈ C(t)[x1, . . . , xn], Q ∈ GL(n,C(t)), ai ∈ C(t))
(14)
where f1(x1, x2, . . . , xn, t) is a polynomial which vanishes at−→p and fi(x1, x2, . . . , xn, t),
i = 2, 3, . . . , n are polynomials of order at least 2 in x1, x2, . . . , xn. We call ordered
set of the eigenvalues (a1, a2, . . . , an) local index at −→p if
(1, a2/a1, . . . , an/a1) ∈ Z
n.(15)
We remark that if each component of (1, a2/a1, . . . , an/a1) has the same sign, we
may resolve the accessible singularity by blowing-up finitely many times. However,
when different signs appear, we may need to both blow up and blow down.
Example 3.1. For the Noumi-Yamada system of type A
(1)
4 , its local index can be
defined at each accessible singular point (cf. [13]).
4. On some Hamiltonian structures of the system (1)
In this section, we will give the holomorphy conditions ri (i = 0, 1, . . . , 6) by
resolving some accessible singular loci of the system (1). Each of them contains a
3-parameter family of meromorphic solutions.
In order to consider the singularity analysis for the system (1), as a compactifica-
tion of C4 which is the phase space of the system (1), at first we take a 4-dimensional
projective space P4. In this space the rational vector field v˜ associated with the sys-
tem (1) satisfies the condition:
v˜ ∈ H0(P4,ΘP4(− logH)(3H)),
where H denotes the boundary divisor H ∼= P3. To calculate its accessible singu-
larities, we must replace the compactification of C4 with the condition (A) given in
Section 4. In this paper, we present complex manifold S obtained by gluing twelve
copies Uj ∼= C
4 ∋ (Xj, Yj, Zj,Wj), j = 0, 1, . . . , 11:
Uj × B = C
4 ×B ∋ (Xj , Yj, Zj,Wj , t) (j = 0, 1, . . . , 11)
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via the following birational transformations:
0)X0 = q1, Y0 = p1, Z0 = q2, W0 = p2,
1)X1 = 1/q1, Y1 = −(q1p1 + α2)q1, Z1 = q2, W1 = p2,
2)X2 = q1, Y2 = p1, Z2 = 1/q2, W2 = −(q2p2 + α4)q2,
3)X3 = q1, Y3 = 1/p1, Z3 = q2, W3 = p2/p1,
4)X4 = q1, Y4 = p1/p2, Z4 = q2, W4 = 1/p2,
5)X5 = 1/q1, Y5 = −(q1p1 + α2)q1, Z5 = 1/q2, W5 = −(q2p2 + α4)q2,
6)X6 = 1/q1, Y6 = −
1
(q1p1 + α2)q1
, Z6 = q2, W6 = −
p2
(q1p1 + α2)q1
,
7)X7 = 1/q1, Y7 = −
(q1p1 + α2)q1
p2
, Z7 = q2, W7 = 1/p2,
8)X8 = 1/q1, Y8 = −
1
(q1p1 + α2)q1
, Z8 = 1/q2, W8 =
(q2p2 + α4)q2
(q1p1 + α2)q1
,
9)X9 = 1/q1, Y9 =
(q1p1 + α2)q1
(q2p2 + α4)q2
, Z9 = 1/q2, W9 = −
1
(q2p2 + α4)q2
,
10)X10 = q1, Y10 = 1/p1, Z10 = 1/q2, W10 = −
(q2p2 + α4)q2
p1
,
11)X11 = q1, Y11 = −
p1
(q2p2 + α4)q2
, Z11 = 1/q2, W11 = −
1
(q2p2 + α4)q2
.
(16)
The restriction {(q1, p1, q2, p2)|q2 = p2 = 0} (resp. {(q1, p1, q2, p2)|q1 = p1 = 0}) of
this manifold S is a Hirzebruch surface, respectively. Thus, it can be considered as
a generalization of Hirzebruch surface. We remark that this generalization of the
Hirzebruch surface is different from the one given by H. Kimura (see [3]).
The canonical divisor KS of S is given by
KS = −3H
=
⋃
i∈{3,6,8,10}
{(Xi, Yi, Zi,Wi) ∈ Ui|Yi = 0} ∪
⋃
j∈{4,7,9,11}
{(Xj, Yj, Zj,Wj) ∈ Uj |Wj = 0},
(17)
and satisfies the following relations:

dXj ∧ dYj ∧ dZj ∧ dWj = dq1 ∧ dp1 ∧ dq2 ∧ dp2 (j = 1, 2, 5),
dX3 ∧ dY3 ∧ dZ3 ∧ dW3 = −
1
p31
dq1 ∧ dp1 ∧ dq2 ∧ dp2,
dX6 ∧ dY6 ∧ dZ6 ∧ dW6 = −
1
Y 31
dX1 ∧ dY1 ∧ dZ1 ∧ dW1,
dX8 ∧ dY8 ∧ dZ8 ∧ dW8 = −
1
Y 35
dX5 ∧ dY5 ∧ dZ5 ∧ dW5.
(18)
We note that the transformation
pi : (q1, p1, q2, p2;α2, α4)→ (q2, p2, q1, p1;α4, α2)(19)
is an automorphism of S.
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It is easy to see that each patching data (Xi, Yi, Zi,Wi) (i = 1, 2, 5) is birational
and symplectic, moreover the system (1) becomes again a polynomial Hamiltonian
system in each coordinate system.
Proposition 4.1. After a series of explicit blowing-ups and blowing-downs of P4,
we obtain the smooth projective 4-fold S and a birational morphism ϕ : S · · · → P4.
S
Step 1
Step 2
Step 3
Step 4
Step 5
Step 6
Step 7
Step 8
Step 9
Step 10
Step 11
Step 12
L1
L2
V1
S1
S2
V2
S3
V3
S4
V4
S5
V5
S6
V6
Figure 3. This figure denotes the steps which are needed to obtain
the 4-fold S. The first figure denotes the boundary divisor P3 in P4.
Up arrow denotes blowing-up, and down arrow denotes blowing-down.
Each step is explained in the below summary.
Let us summarize the steps which are needed to obtain the 4-fold S.
(1) Blow up along two curves L1 ∼= P
1 and L2 ∼= P
1.
(2) Blow down the 3-fold V1 ∼= P
1 × P1 × P1.
(3) Blow up along two surfaces S1 ∼= P
2 and S2 ∼= P
2.
(4) Blow down the 3-fold V2 ∼= P
2 × P1.
(5) Blow up along the surface S3 ∼= P
1 × P1.
(6) Blow down the 3-fold V3 ∼= P
2 × P1.
(7) Blow up along the surface S4 ∼= P
1 × P1.
(8) Blow down the 3-fold V4 ∼= P
2 × P1.
(9) Blow up along the surface S5 ∼= P
1 × P1.
(10) Blow down the 3-fold V5 ∼= P
2 × P1.
(11) Blow up along the surface S6 ∼= P
1 × P1.
(12) Blow down the 3-fold V6 ∼= P
2 × P1.
It is easy to see that this rational vector field v˜ satisfies the condition:
v˜ ∈ H0(S,ΘS(− logH)(H)).(20)
The following lemma shows that this rational vector field v˜ has five accessible
singular loci on the boundary divisor H× {t} ⊂ S × {t} for each t ∈ B.
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C0
C1
C2
C3
C4
1
Y3
1
X1
1
Z2
1
W4
Figure 4. This figure denotes the boundary divisor H of S. This
divisor is covered by eight affine spaces U3 ∪ U4 ∪ U6 ∪ U7 ∪ · · · ∪ U11.
The bold lines Ci (i = 0, 1, . . . , 4) in H denote the accessible singular
loci of the system (1) (see Lemma 5.2).
Lemma 4.1. The rational vector field v˜ has the following accessible singular loci:


C0 = {(X3, Y3, Z3,W3)|X3 = t, Y3 = W3 = 0},
C1 = {(X3, Y3, Z3,W3)|X3 = η, Y3 =W3 = 0},
C2 = {(X3, Y3, Z3,W3)|X3 = Z3, Y3 = 0,W3 = −1},
C3 = {(X4, Y4, Z4,W4)|Y4 =W4 = 0, Z4 = 1},
C4 = {(X4, Y4, Z4,W4)|Y4 = Z4 = W4 = 0}.
(21)
This lemma can be proven by a direct calculation. 
Next let us calculate its local index at each point of Ci.
Singular locus Singular point Type of local index
C0 (X3, Y3, Z3,W3) = (t, 0, a, 0) (2, 1, 0, 1)
C1 (X3, Y3, Z3,W3) = (η, 0, a, 0) (2, 1, 0, 1)
C2 (X4, Y4, Z4,W4) = (a,−1, a, 0) (0, 1, 2, 1)
C3 (X4, Y4, Z4,W4) = (a, 0, 1, 0) (0, 1, 2, 1)
C4 (X4, Y4, Z4,W4) = (a, 0, 0, 0) (0, 1, 2, 1)
Here a ∈ C.
Example 4.1. Let us take the coordinate system (x, y, z, w) centered at the point
(X3, Y3, Z3,W3) = (t, 0, 0, 0). The system (1) is rewritten as follows:
d
dt


x
y
z
w

 = 1y{


2 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1




x
y
z
w

+ . . . }
satisfying (14).
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Example 4.2. Let us take the coordinate system (x, y, z, w) centered at the point
(X4, Y4, Z4,W4) = (0,−1, 0, 0). The system (1) is rewritten as follows:
d
dt


x
y
z
w

 = 1w{
η
(t− 1)(t− η)


2 0 −2 0
−2 1 2 0
0 0 0 0
0 0 0 1




x
y
z
w

+ . . . }
satisfying (14). To the above system, we make the linear transformation

X
Y
Z
W

 =


0 0 1 0
0 0 0 1
−1 0 1 0
2 1 −2 0




x
y
z
w


to arrive at
d
dt


X
Y
Z
W

 = 1W {
η
(t− 1)(t− η)


0 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1




X
Y
Z
W

+ . . . }.
Proposition 4.2. If we resolve the accessible singular loci given in Lemma 4.1 by
blowing-ups, then we can obtain the canonical coordinates rj(j = 0, 1, 3, 5, 6).
Proof 4.2. By the following steps, we can resolve the accessible singular locus
C4.
Step 1: We blow up along the curve C4:
X4
(1) = X4 , Y4
(1) =
Y4
W4
, Z4
(1) =
Z4
W4
, W4
(1) = W4.
Step 2: We blow up along the surface {(X4
(1), Y4
(1), Z4
(1),W4
(1))|Z4
(1) − α6
= W4
(1) = 0}:
X4
(2) = X4
(1) , Y4
(2) = Y4
(1) , Z4
(2) =
Z4
(1) − α6
W4
(1)
, W4
(2) =W4
(1).
Thus we have resolved the accessible singular locus C4.
By choosing a new coordinate system as
(x6, y6, z6, w6) = (X4
(2), Y4
(2),−Z4
(2),W4
(2)),
we can obtain the coordinate r6.
By the following steps, we can resolve the accessible singular locus C2.
Step 1: We blow up along the curve C2:
X5
(1) =
X3 − Z3
Y3
, Y5
(1) = Y3 , Z5
(1) = Z3 , W5
(1) =
W3 + 1
Y3
.
Step 2: We blow up along the surface {(X5
(1), Y5
(1), Z5
(1),W5
(1))|X5
(1) − α3 =
Y5
(1) = 0}:
X5
(2) =
X5
(1) − α3
Y5
(1)
, Y5
(2) = Y5
(1) , Z5
(2) = Z5
(1) , W5
(2) =W5
(1).
Thus we have resolved the accessible singular locus C2.
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By choosing a new coordinate system as
(x3, y3, z3, w3) = (−X5
(2), Y5
(2), Z5
(2),W5
(2)),
we can obtain the coordinate r3.
For the remaining accessible singular locus, the proof is similar.
Collecting all the cases, we have obtained the canonical coordinate systems (xj , yj,
zj , wj) (j = 0, 1, 3, 5, 6), which proves Proposition 5.5. 
We remark that each coordinate system contains a three-parameter family of
meromorphic solutions of (1) as the initial conditions.
C1
C∞
Figure 5
The difference between ri and r
′
i is only the case of i = 1. The relation between r1
and r′1 can be explained by the one for the accessible singularities C1 and C∞ given
by
C1 ={(X6, Y6, Z6,W6)|X6 =
1
η
, Y3 =W3 = 0}
∪ {(X8, Y8, Z8,W8)|X8 =
1
η
, Y8 = W8 = 0},
C∞ ={(X6, Y6, Z6,W6)|X6 = Y3 = W3 = 0}
∪ {(X8, Y8, Z8,W8)|X8 = Y8 = W8 = 0}.
(22)
As η → ∞, C1 tends to C∞. The resolution of C∞ is the same way given in Proof
5.5.
Proposition 4.3. After a series of explicit blowing-ups given in Proposition 4.2,
we obtain the smooth projective 4-fold S˜ and a morphism ϕ : S˜ → S. Its canonical
divisor KS˜ of S˜ is given by
KS˜ = −3H˜ −
4∑
i=0
Ei,(23)
where the symbol H˜ denotes the proper transform of H by ϕ and Ei denote the
exceptional divisors obtained by Step 1 (see Proof of Proposition 4.2).
Acknowledgement. The author would like to thank the referee, H. Kawamuko, M.
Murata and M. Noumi for useful comments.
References
[1] Fuji, K. and Suzuki, T., The sixth Painleve´ equation arising from D
(1)
4 hierarchy, J. Phys. A:
Math. Gen., 39 (2006), 12073–12082.
[2] Kawamuko, H., Symmetrization of the sixth Painleve´ equation, Funkcial. Ekvac., 39 (1996),
109–122.
14 YUSUKE SASANO
[3] Kimura, H., Uniform foliation associated with the Hamiltonian systemHn, Ann. Scuola Norm.
Sup. Pisa Cl. Sci., 20 (1993), 1–60.
[4] Noumi, M. and Yamada, Y., Affine Weyl Groups, Discrete Dynamical Systems and Painleve`
Equations, Comm Math Phys., 199 (1998), 281–295.
[5] Noumi, M., Private communication.
[6] Okamoto, K., Sur les feuilletages associe´s aux e´quations du second ordre a` points critiques
fixes de P. Painleve´, Espaces des conditions initiales, Japan. J. Math., 5 (1997), 1–79.
[7] Saito, M., Deformation of logarithmic symplectic manifold and equations of Painleve´ type, in
preparation.
[8] Sakai, H., Rational surfaces associated with affine root systems and geometry of the Painleve´
equations, Comm Math Phys., 220 (2001), 165-229.
[9] Sasano, Y., Higher order Painleve´ equations of type Dl
(1), RIMS Kokyuroku, 1473 (2006),
143–163.
[10] Sasano, Y., Coupled Painleve´ VI systems in dimension four with affine Weyl group symmetry
of types B
(1)
6 , submitted to Nagoya Journal.
[11] Sasano, Y. and Yamada, Y., Symmetry and holomorphy of Painleve´ type systems, RIMS
Kokyuroku Bessatsu, B2 (2007), 215–225.
[12] Shioda, T. and Takano, K., On some Hamiltonian structures of Painleve´ systems I, Funkcial.
Ekvac., 40 (1997), 271–291.
[13] Tahara, N., An augmentation of the phase space of the system of type A
(1)
4 , Kyushu J. Math.,
58 (2004), 393–425.
